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Abstract
By means of a modified version of Cauchy’s method for obtaining bilateral series identities, two new
transformation formulas for bilateral basic hypergeometric series are derived. These contain several impor-
tant identities for basic hypergeometric series as special cases, including the nonterminating q-Saalschütz
summation, Bailey’s very well-poised 6ψ6 summation and the nonterminating Watson transformation.
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1. Introduction
Cauchy [2] devised a standard method for obtaining bilateral identities from terminating uni-
lateral series formulas in his second proof of Jacobi’s famous triple product identity. The same
method has also been exploited by Bailey [1, Sections 3 and 6] and Slater [9, Section 6.2]. Re-
cently, Chen and Fu [3] and Jouhet [7] applied this technique further to nonterminating unilateral
series to derive bilateral basic hypergeometric series identities.
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(a) Ωn(n) → 0 as n → ∞;
(b) limn→∞ Ω2n(n) exists but does not vanish;
(c) limn→∞ Ωk+2n(n) exists for each k ∈ N0.
Then we can reformulate the corresponding nonterminating series accordingly as follows:
∞∑
k=0
Ωk(n) =
n−1∑
k=0
Ωk(n) +
∞∑
k=−n
Ωk+2n(n).
We can let n → ∞ in the last equation, subject to suitable convergence of each series. (All the
series considered in this paper guarantee proper limits for each of the above three sums.)
We shall exemplify the described method of obtaining transformations for bilateral series in
Sections 2 and 3. In particular, we will apply this method to two transformations of nontermi-
nating unilateral series, both due to Bailey, specifically, a nonterminating extension of Jackson’s
8φ7 summation, and the four-term nonterminating 10φ9 transformation, respectively. This will
lead us to two new transformation formulas of bilateral 3ψ3 and 4ψ4 series. As special cases, we
are able to recover the nonterminating q-Saalschütz summation, Bailey’s very well-poised 6ψ6
summation and the nonterminating Watson transformation.
In order to facilitate the subsequent application, we recall some standard notations for q-series
and basic hypergeometric series. For two indeterminate q and x with |q| < 1, let
(x;q)∞ =
∞∏
n=1
(
1 − xqn−1), (1.1)
which can be used to define further for n ∈ Z the following shifted factorial:
(x;q)n = (x;q)∞
(xqn;q)∞ .
The last equation can be displayed explicitly as follows:
(x;q)n =
⎧⎪⎨
⎪⎩
(1 − x)(1 − qx) · · · (1 − qn−1x), n ∈ N,
1, n = 0,
(−1)nxnq( n2 )/(q/x;q)−n, −n ∈ N.
The multiple parameter form is abbreviated as
(a, b, . . . , c;q)n = (a;q)n(b;q) · · · (c;q)n.
Following Gasper and Rahman [6], we shall use the following notations for basic hypergeometric
series:
1+rφr
[
α0, α1, . . . , αr
β1, . . . , βr
∣∣∣ q; z] := ∞∑
n=0
(α0, α1, . . . , αr ;q)n
(q,β1, . . . , βr ;q)n z
n, (1.2)
and bilateral basic hypergeometric series:
sψs
[
α1, . . . , αr
β1, . . . , βr
∣∣∣ q; z] := ∞∑
n=0
(α1, . . . , αr ;q)n
(β1, . . . , βr ;q)n z
n. (1.3)
See [4–6] for a more comprehensive coverage of transformations and identities of basic hyper-
geometric series.
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The bilateralization method described in the introduction will be applied in this section to
Bailey’s nonterminating extension of Jackson’s 8φ7-summation identity (cf. [6, Appendix II.25]).
Lemma 1.
8φ7
[
a, q
√
a, −q√a, b, c, d, e, f√
a, −√a, aq/b, aq/c, aq/d, aq/e, aq/f
∣∣∣ q;q] (2.1a)
= b
a
(aq, c, d, e, f, bq/a, bq/c, bq/d, bq/e, bq/f ;q)∞
(aq/b, aq/c, aq/d, aq/e, aq/f, bc/a, bd/a, be/a, bf/a, b2q/a;q)∞ (2.1b)
× 8φ7
[
b2/a, bq/
√
a, −bq/√a, b, bc/a, bd/a, be/a, bf/a
b/
√
a, −b/√a, bq/a, bq/c, bq/d, bq/e, bq/f
∣∣∣ q;q] (2.1c)
+ (aq, b/a, aq/cd, aq/ce, aq/cf, aq/de, aq/df, aq/ef ;q)∞
(aq/c, aq/d, aq/e, aq/f, bc/a, bd/a, be/a, bf/a;q)∞ , (2.1d)
where qa2 = bcdef .
We perform the replacements
a → q−2na
e → q−2ne
f → q−2nf
⎫⎪⎬
⎪⎭ (2.2)
which leaves the condition qa2 = bcdef unchanged. The left-hand side of Lemma 1 is then equal
to
∞∑
k=0
1 − aq−2n+2k
1 − aq−2n
(aq−2n, b, c, d, q−2ne, q−2nf ;q)k
(q, q1−2na/b, q1−2na/c, q1−2na/d, qa/e, qa/f ;q)k q
k.
Letting
Ωk(n) = 1 − aq
−2n+2k
1 − aq−2n
(aq−2n, b, c, d, q−2ne, q−2nf ;q)k
(q, q1−2na/b, q1−2na/c, q1−2na/d, qa/e, qa/f ;q)k q
k,
we have:
Ωn(n) = (1 − a)
q2n − a
(b, c, d, qn+1/a, qn+1/e, qn+1/f ;q)n
(q, qa/e, qa/f, qnb/a, qnc/a, qnd/a;q)n q
n,
Ω2n(n) = 1 − aq
2n
q2n − a
(b, c, d, q/a, q/e, q/f ;q)2n
(q, qa/e, qa/f, b/a, c/a, d/a;q)2n ,
Ωk+2n(n) = 1 − aq
2n+2k
q2n − a
(b, c, d, q/a, q/e, q/f ;q)2n
(q, qa/e, qa/f, b/a, c/a, d/a;q)2n
× (a, q
2nb, q2nc, q2nd, e, f ;q)k
(q2n+1, q2n+1a/e, q2n+1a/f, qa/b, qa/c, qa/d;q)k q
k.
It is easy to verify that
(a) Ωn(n) → 0 as n → ∞;
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(c) limn→∞ Ωk+2n(n) exists for each k ∈ N0.
Then reformulate the infinite sums:
Eq. (2.1a) =
n∑
k=0
Ωk(n) +
∞∑
k=−n
Ωk+2n(n).
Letting n → ∞ and keeping in mind the condition qa2 = bcdef , we have
Eq. (2.1a) = 3φ2
[
b, c, d
qa/e, qa/f
∣∣∣ q;q]− 1
a
(b, c, d, q/a, q/e, q/f ;q)∞
(q, qa/e, qa/f, b/a, c/a, d/a;q)∞
× 3ψ3
[
a, e, f
qa/b, qa/c, qa/d
∣∣∣ q;q] .
The corresponding right-hand side of the equation displayed in Lemma 1 reads as
b
aq−2n
(q1−2na, c, d, q−2ne, q−2nf, q1+2nb/a, qb/c, qb/d, q1+2nb/e, q1+2nb/f ;q)∞
(q1−2na/b, q1−2na/c, q1−2na/d, qa/e, qa/f, q2nbc/a, q2nbd/a, be/a, bf/a, q1+2nb2/a;q)∞
× 8φ7
[
q2nb2/a, bq1+n/
√
a,−bq1+n/√a, b, q2nbc/a, q2nbd/a, be/a, bf/a
qnb/
√
a,−qnb/√a, bq1+2n/a, bq/c, bq/d, bq1+2n/e, bq1+2n/f
∣∣∣ q;q]
+ (aq
1−2n, q2nb/a, aq1−2n/cd, aq/ce, aq/cf, aq/de, aq/df, aq1+2n/ef ;q)∞
(aq1−2n/c, aq1−2n/d, aq/e, aq/f, q2nbc/a, q2nbd/a, be/a, bf/a;q)∞ ,
which after n → ∞ becomes the following expression:
b
a
(qa,1/a, c, d, e, q/e,f, q/f, qb/c, qb/d;q)∞
(qa/b, b/a, qa/c, c/a, qa/d, d/a, qa/e, qa/f, be/a, bf/a;q)∞
× 3φ2
[
b, be/a, bf/a
qb/c, qb/d
∣∣∣ q;q]
+ (qa,1/a, cd/a, qa/cd, qa/ce, qa/cf, qa/de, qa/df ;q)∞
(c/a, d/a, q/e, q/f, qa/c, qa/d, be/a, bf/a;q)∞ .
After some simplification, we derive the following theorem.
Theorem 2.
3ψ3
[
a, e, f
qa/b, qa/c, qa/d
∣∣∣ q;q]
= a (q, qa/e, qa/f, b/a, c/a, d/a;q)∞
(q/a, b, c, d, q/e, q/f ;q)∞ × 3φ2
[
b, c, d
aq/e, qa/f
∣∣∣ q;q]
+ b
a
(q, a, e, f, qb/c, qb/d;q)∞
(b, qa/b, qa/c, qa/d, be/a, bf/a;q)∞ × 3φ2
[
b, be/a, bf/a
qb/c, qb/d
∣∣∣ q;q]
+ (q, b/a, cd/a, a, qa/cd, qa/ce, qa/cf, qa/de, qa/df ;q)∞
(b, c, d, q/e, q/f, qa/c, qa/d, be/a, bf/a;q)∞ ,
where qa2 = bcdef.
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0 = a (qa/e, qa/f,1/a, c/a, d/a;q)∞
(q/a, c, d, q/e, q/f ;q)∞ +
1
a
(a, e, f, q/c, q/d;q)∞
(qa, qa/c, qa/d, e/a,f/a;q)∞
+ (1/a, cd/a, a, qa/cd, qa/ce, qa/cf, qa/de, qa/df ;q)∞
(c, d, q/e, q/f, qa/c, qa/d, e/a,f/a;q)∞ ,
then multiplying both sides of the identity by (q/a,c,d,q/e,q/f,qa/c,qa/d,e/a,f/a;q)∞
(1/a;q)∞ and noting the
condition qa2 = cdef , after some simplifications, we have
0 = a(qa/e, qa/f, c/a, d/a, qa/c, qa/d, e/a,f/a;q)∞
− (c, d, e, f, q/c, q/d, q/e, q/f ;q)∞
+ (cd/a, a, q/a, qa/cd, qa/ce, qa/de, de/a, ce/a;q)∞.
Letting S(a, b, c, d) = (a, q/a, b, q/b, c, q/c, d, q/d;q)∞, we recover a fundamental theta
function identity which is equivalent to [6, Exercise 2.16(i)], we show it in the following corol-
lary.
Corollary 3.
S(c, d, e, f ) − S(a, cd/a, ce/a, de/a) = aS(c/a, d/a, e/a,f/a).
Under the replacements e → b, f → c, b → qa/e and c → qa/f , Theorem 2 reduces to the
following well-known formula of nonterminating balanced series.
Corollary 4. (Cf. [6, Appendix II.24].)
3φ2
[
a, b, c
e, f
∣∣∣ q;q]+ (q/e, a, b, c, qf/e;q)∞
(e/q, aq/e, bq/e, cq/e,f ;q)∞
× 3φ2
[
aq/e, bq/e, cq/e
q2/e, qf/a
∣∣∣ q;q]= (q/e,f/a,f/b,f/c;q)∞
(aq/e, bq/e, cq/e,f ;q)∞ .
3. Bilateral extension of Bailey’s three terms relation on nonterminating 8φ7-series
We next examine Bailey’s four-term transformation of nonterminating very well-poised 10φ9-
series.
Lemma 5. (Cf. [6, Appendix III.39].)
10φ9
[
a, q
√
a, −q√a, b, c, d, e, f, g, h√
a, −√a, aq/b, aq/c, aq/d, aq/e, aq/f, aq/g, aq/h
∣∣∣ q;q]
+ (aq, b/a, c, d, e, f, g,h, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h;q)∞
(b2q/a, a/b, aq/c, aq/d, aq/e, aq/f, aq/g, aq/h, bc/a, bd/a, be/a, bf/a, bg/a, bh/a;q)∞
× 10φ9
[
b2/a, qb/
√
a, −qb/√a, b, bc/a, bd/a, be/a, bf/a, bg/a, bh/a
b/
√
a, −b/√a, bq/a, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q;q]
= (aq, b/a,λq/f,λq/g,λq/h, bf/λ, bg/λ, bh/λ;q)∞
(λq, b/λ, aq/f, aq/g, aq/h, bf/a, bg/a, bh/a;q)∞
× 10φ9
[
λ, q
√
λ, −q√λ, b, λc/a, λd/a, λe/a, f, g, h√
λ, −√λ, λq/b, aq/c, aq/d, aq/e, λq/f, λq/g, λq/h
∣∣∣ q;q]
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(b2q/λ,λ/b, aq/c, aq/d, aq/e, aq/f, aq/g, aq/h, bc/a, bd/a, be/a, bf/a, bg/a, bh/a;q)∞
× 10φ9
[
b2/λ, bq/
√
λ,−bq/√λ,b, bc/a, bd/a, be/a, bf/λ, bg/λ, bh/λ
b/
√
λ,−b/√λ,bq/λ, abq/λc, abq/λd, abq/λe, bq/f, bq/g, bq/h
∣∣∣q;q] ,
where λ = qa2/cde and q2a3 = bcdefgh.
Observe that under the replacements
a → q−2na
f → q−2nf
g → q−2ng
h → q−2nh
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(3.1)
the restriction λ = qa2/cde becomes λ = q1−4na2/cde which implies that λ is replaced by
λq−4n and the condition q2a3 = bcdefgh remains invariant. The corresponding transformation
displayed in Lemma 5 reads as
10φ9
[
q−2na, q1−n
√
a,−q1−n√a, b, c, d, e, q−2nf, q−2ng, q−2nh
q−n
√
a,−q−n√a, q1−2na/b, q1−2na/c, q1−2na/d, q1−2na/e, qa/f, qa/g, qa/h
∣∣∣ q;q]
(3.2a)
+ (q
1−2na, q2nb/a, c, d, e, q−2nf, q−2ng, q−2nh, qb/c, qb/d, qb/e, q1+2nb/f, q1+2nb/g, q1+2nb/h;q)∞
(q1+2nb2/a, q−2na/b, q1−2na/c, q1−2na/d, q1−2na/e, aq/f, aq/g, aq/h, q2nbc/a, q2nbd/a, q2nbe/a, bf/a, bg/a, bh/a;q)∞
(3.2b)
× 10φ9
[
q2nb2/a, q1+nb/
√
a,−q1+nb/√a, b, q2nbc/a, q2nbd/a, q2nbe/a, bf/a, bg/a, bh/a
qnb/
√
a,−qnb/√a, q1+2nb/a, qb/c, qb/d, qb/e, q1+2nb/f, q1+2nb/g, q1+2nb/h
∣∣∣ q;q]
(3.2c)
= (q
1−2na, q2nb/a, q1−2nλ/f, q1−2nλ/g, q1−2nλ/h, q2nbf/λ, q2nbg/λ, q2nbh/λ;q)∞
(q1−4nλ, q4nb/λ, qa/f, qa/g, qa/h, bf/a, bg/a, bh/a;q)∞
(3.2d)
× 10φ9
[
q−4nλ, q1−2n
√
λ,−q1−2n√λ,b, q−2nλc/a, q−2nλd/a, q−2nλe/a, q−2nf, q−2ng, q−2nh
q−2n
√
λ,−q−2n√λ,q1−4nλ/b, q1−2na/c, q1−2na/d, q1−2na/e, q1−2nλ/f, q1−2nλ/g, q1−2nλ/h
∣∣∣ q;q]
(3.2e)
+ (q
1−2na, q−2nf, q−2ng, q−2nh, q−2nλc/a, q−2nλd/a, q−2nλe/a;q)∞
(q−4nλ/b, q1−2na/c, q1−2na/d, q1−2na/e;q)∞ (3.2f)
× (q
2nb/a, q1+2nb/f, q1+2nb/g, q1+2nb/h, q1+2nab/λc, q1+2nab/λd, q1+2nab/λe;q)∞
(q1+4nb2/λ, qa/f, qa/g, qa/h, q2nbc/a, q2nbd/a, q2nbe/a, bf/a, bg/a, bh/a;q)∞
(3.2g)
× 10φ9
[
q4nb2/λ, q1+2nb/
√
λ,−q1+2nb/√λ,b, q2nbc/a, q2nbd/a, q2nbe/a, q2nbf/λ, q2nbg/λ, q2nbh/λ
q2nb/
√
λ,−q2nb/√λ,q1+4nb/λ, q1+2nab/λc, q1+2nab/λd, q1+2nab/λe, q1+2nb/f, q1+2nb/g, q1+2nb/h
∣∣∣ q;q
]
,
(3.2h)
where λ = qa2/cde and q2a3 = bcdefgh.
For the Ω-sequence defined by
Ωk(n) = 1 − aq
−2n+2k
−2n
(aq−2n, b, c, d, e, q−2nf, q−2ng,hq−2n;q)k
1−2n 1−2n 1−2n 1−2n q
k,1 − aq (q, q a/b, q a/c, q a/d, q a/e, qa/f, qa/h;q)k
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Then we may reformulate the 10φ9 displayed in (3.2a) under (3.1) as follows:
∞∑
k=0
Ωk(n) =
n∑
k=0
Ωk(n) +
∞∑
k=−n
Ωk+2n(n).
Then letting n → ∞ and taking account of the condition q2a3 = bcdefgh, we have
lim
n→∞ Eq. (3.2a) = limn→∞
∞∑
k=0
Ωk(n) = 4φ3
[
b, c, d, e
qa/f, qa/g, qa/h
∣∣∣ q;q]
− 1
a
(b, c, d, e, q/a, q/f, q/g, q/h;q)∞
(q, qa/f, qa/g, qa/h, b/a, c/a, d/a, e/a;q)∞
× 4ψ4
[
a, f, g, h
qa/b, qa/c, qa/d, aq/e
∣∣∣ q;q] .
The next three expressions in (3.2b), (3.2c) and (3.2d) may be reformulated without difficulty as
follows:
Eq. (3.2b)
= (q
1−2na, q−2nf, q−2ngq−2nh;q)2n
(q−2na/b, q1−2na/c, q1−2na/d, q1−2na/e;q)2n
× (qa, q
2nb/a, c, d, e, f, g,h, qb/c, qb/d, qb/e, q1+2nb/f, q1+2nb/g, q1+2nb/h;q)∞
(q1+2nb2/a, aq/f, aq/g, aq/h, q2nbc/a, q2nbd/a, q2nbe/a, bf/a, bg/a, bh/a;q)∞
= (1/a, q/f, q/g, q/h;q)2n
(qb/a, c/a, d/a, e/a;q)2n
× (qa, q
2nb/a, c, d, e, f, g,h, qb/c, qb/d, qb/e, q1+2nb/f, q1+2nb/g, q1+2nb/h;q)∞
(q1+2nb2/a, qa/f, qa/g, qa/h, q2nbc/a, q2nbd/a, q2nbe/a, bf/a, bg/a, bh/a;q)∞ ,
lim
n→∞ Eq. (3.2c) = 4φ3
[
b, bf/a, bg/a, bh/a
qb/c, qb/d, qb/e
∣∣∣ q;q] ,
Eq. (3.2d)
= (q
1−2na, q1−2nλ/f, q1−2nλ/g, q1−2nλ/h;q)2n
(q1−4nλ;q)4n
× (qa, q
2nb/a, qλ/f, qλ/g, qλ/h,q2nbf/λ, q2nbg/λ, q2nbh/λ;q)∞
(q4nb/λ, qa/f, qa/g, qa/h, bf/a, bg/a, bh/a;q)∞
= b2n (1/a,f/λ,g/λ,h/λ;q)2n(qa, q
2nb/a, qλ/f, qλ/g, qλ/h,q2nbf/λ, q2nbg/λ, q2nbh/λ;q)∞
(1/λ;q)4n(q4nb/λ, qa/f, qa/g, qa/h, bf/a, bg/a, bh/a;q)∞
.
For the infinite sum in Eq. (3.2e), observe that it has two critical points indexed by k = 2n and
k = 4n. We split it, accordingly, into three parts. For the ω-sequence defined by
ωk(n) = (q
−4nλ, q1−2n
√
λ,−q1−2n√λ,b, q−2nλc/a)k
(q−2n
√
λ,−q−2n√λ,q1−4nλ/b, q1−2na/c)k
× (q
−2nλd/a, q−2nλe/a, q−2nf, q−2ng, q−2nh;q)k
1−2n 1−2n 1−2n 1−2n 1−2n q
k.
(q a/d, q a/e, q λ/f, q λ/g, q λ/h;q)k
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Eq. (3.2e) =
∞∑
k=0
ωk(n) =
2n∑
k=0
ωk(n) +
4n∑
k=2n+1
ωk(n) +
4n∑
k=2n+1
ωk(n). (3.3)
For the first sum on the right-hand side displayed in (3.3), reversing the summation order by
k → 2n − k, we have
b2n
2n∑
k=0
ωk(n)
= (q
1+2n/λ, b,1/
√
λ,−1/√λ,qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)2n
(q, q2nb/λ, q/
√
λ,−q/√λ, c/a, c/d, c/e, f/λ,g/λ,h/λ;q)2n
×
2n∑
k=0
(q−2n, q2nb/λ, q/
√
λ,−q/√λ, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)k
(q1−2n/b, q1+2n/λ,1/
√
λ,−1/√λ,qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)k
qk.
Noting that the term on the tail of the last series tends to zero as n → ∞, we have the limiting
relation
lim
n→∞b
2n
2n∑
k=0
ωk(n) = (b, qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)∞
(q, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)∞
×
∞∑
k=0
(q/
√
λ,−q/√λ, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)kbk
(1/
√
λ,−1/√λ,qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)∞
.
For the second sum on the right-hand side displayed in (3.3), shifting the summation index by
k → k + 2n, we get its limit as follows:
lim
n→∞b
2n
4n∑
k=2n+1
ωk(n)
= (b, qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)∞
(q, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)∞
×
∞∑
k=1
(q
√
λ,−q√λ,λc/a,λd/a,λe/a,f, g,h;q)k
(
√
λ,−√λ,qa/c, qa/d, qa/e, qλ/f, qλ/g, qλ/h;q)k
bk
= (b, qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)∞
(q, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)∞
×
1∑
k=−∞
(q/
√
λ,−q/√λ, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)k
(1/
√
λ,−1/√λ,qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)k
bk.
For the third sum on the right-hand side displayed in (3.3), shifting the summation index by
k → k + 4n and imposing the condition |b| < 1, we find that
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∞∑
k=4n+1
ωk(n)
= (q
1+2n/λ, b,1/
√
λ,−1/√λ,qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)2n
(q, q2nb/λ, q/
√
λ,−q/√λ, c/a, c/d, c/e, f/λ,g/λ,h/λ;q)2n
× b2n (q/λ, q
2nb, q
√
λ,−q√λ,λc/a,λd/a,λe/a,f, g,h;q)2n
(q1+2n, b/λ,
√
λ,−√λ,qa/c, qa/d, qa/e, qλ/f, qλ/g, qλ/h;q)2n
×
∞∑
k=1
(λ, q4nb, q1+2n
√
λ,−q1+2n√λ,q2nλc/a, q2nλd/a, q2nλe/a, q2nf, q2ng, q2nh;q)kqk
(q1+4n, qλ/b, q2n
√
λ,−q2n√λ,q1+2na/c, q1+2na/d, q1+2na/e, q1+2nλ/f, q1+2nλ/g, q1+2nλ/h;q)k
,
which tends to zero as n → ∞ because the last series is convergent. Therefore, the limit of (3.2e)
can be expressed in terms of 8ψ8-series:
lim
n→∞b
2n Eq. (3.2e)
= (b, qa/λc, qa/λd, qa/λe, q/f, q/g, q/h;q)∞
(q, c/a, d/a, e/a,f/λ,g/λ,h/λ;q)∞
8ψ8
[
q
√
λ, −q√λ, λc/a, λd/a, λe/a, f, g, h√
λ, −√λ, qa/c, qa/d, qa/e, qλ/f, qλ/g, qλ/h
∣∣∣ q;b] .
We have further the following two simplifications:
Eq. (3.2f) = (q
1−2na, q−2nf, q−2ng, q−2nh, q−2nλc/a, q−2nλd/a, q−2nλe/a;q)∞
(q−4nλ/b, q1−2na/c, q1−2na/d, q1−2na/e;q)∞
= (q
1−2na, q−2nf, q−2ng, q−2nh, q−2nλc/a, q−2nλd/a, q−2nλe/a;q)2n
(q−4nλ/b;q)4n(q1−2na/c, q1−2na/d, q1−2na/e;q)2n
× (qa,f, g,h,λc/a,λd/a,λe/a;q)∞
(λ/b, qa/c, qa/d, qa/e;q)∞
= b2n (1/a, q/f, q/g, q/h, qa/λc, qa/λd, qa/λe;q)2n
(qb/λ;q)4n(c/a, d/a, e/a;q)2n
× (qa,f, g,h,λc/a,λd/a,λe/a;q)∞
(λ/b, qa/c, qa/d, qa/e;q)∞ ,
lim
n→∞ Eq. (3.2h) =
∞∑
k=1
qk
(q;q)k =
1
(q;q)∞ .
Recalling the condition |b| < 1, we have
lim
n→∞ Eq. (3.2f) × Eq. (3.2g) × Eq. (3.2h) = 0.
Summing up, we have established the following transformation formula.
Theorem 6.
4ψ4
[
a, f, g, h
qa/b, qa/c, qa/d, qa/e
∣∣∣ q;q]
= a (b/a, c/a, d/a, e/a, q, qa/f, qa/g, qa/h;q)∞
(q/a, q/f, q/g, q/h, b, c, d, e;q)∞
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[
b, bf/a, bg/a, bh/a
qb/c, qb/d, qb/e
∣∣∣ q;q]
+ b
a
(q, a,f, g,h, qb/c, qb/d, qb/e;q)∞
(b, qa/b, qa/c, qa/d, qa/e, bf/a, bg/a, bh/a;q)∞
× 4φ3
[
b, bf/a, bg/a, bh/a
qb/c, qb/d, qb/e
∣∣∣ q;q]
+ (a, b/a, qa/λc, qa/λd, qa/λe, qλ/f, qλ/g, qλ/h;q)∞
(q/λ, c, d, e, qλ, bf/a, bg/a, bh/a;q)∞
× 8ψ8
[
q
√
λ, −q√λ, λc/a, λd/a, λe/a, f, g, h√
λ, −√λ, qa/c, qa/d, qa/e, qλ/f, qλ/g, qλ/h
∣∣∣ q;b] ,
where λ = qa2/cde, q2a3 = bcdefgh and |b| < 1.
Note that the h = aq/e special case of Theorem 6, together with the 6ψ6 summation in Corol-
lary 7, boils down to Theorem 2.
In Theorem 6, After dividing both sides of the identity by the prefactor of the 8ψ8 series and
letting h → a/b, noting the condition λ = qa2/cde, q2a3 = bcdefgh and |b| < 1, we recover
Bailey’s 6ψ6 summation formula (cf. [6, Appendix II.33]):
Corollary 7.
6ψ6
[
q
√
λ, −q√λ, λc/a, λd/a, λe/a, a/b√
λ, −√λ, qa/c, qa/d, qa/e, qλb/a
∣∣∣ q;b]
= (q, q/λ, qλ, c, d, e, qb/c, qb/c, qb/e;q)∞
(b, qb/a, qa/c, qa/d, qa/e, qa/λc, qa/λd, qa/λe, qλb/a;q)∞ .
Remark. A similar (but different) derivation of Bailey’s 6ψ6 summation formula using Cauchy’s
method of bilateralization was given by Jouhet and Schlosser [8].
Letting a = c in Theorem 6, we find the following important special case.
Corollary 8.
4φ3
[
a, f, g, h
qa/b, qa/c, qa/d, qa/e
∣∣∣ q;q]
= b
a
(a,f, g,h, qb/a, qb/d, qb/e;q)∞
(b, qa/b, qa/d, qa/e, bf/a, bg/a, bh/a;q)∞
× 4φ3
[
b, bf/a, bg/a, bh/a
qb/a, qb/d, qb/e
∣∣∣ q;q]+ (b/a, qλ/f, qλ/g, qλ/h;q)∞
(qλ, bf/a, bg/a, bh/a;q)∞
× 8φ7
[
λ, q
√
λ, −q√λ, λd/a, λe/a, f, g, h√
λ, −√λ, qa/d, qa/e, qλ/f, qλ/g, qλ/h
∣∣∣ q;b] .
This is equivalent to the nonterminating Watson transformation. In fact, performing the re-
placements
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b → q2A2/BCDEF,
d → q/C,
e → q/B,
f → D,
g → E,
h → F,
λ → A
we see that the transformation displayed in the corollary becomes the following one:
8φ7
[
A, q
√
A, −q√A, B, C, D, E, F√
A, −√A, Aq/B, Aq/C, Aq/D, Aq/E, Aq/F
∣∣∣ q; q2A2
BCDEF
]
= (Aq,Aq/DE,Aq/DF,Aq/EF ;q)∞
(Aq/D,Aq/E,Aq/F,Aq/DEF ;q)∞
× 4φ3
[
Aq/BC, D, E, F
Aq/B, Aq/C, DEF/A
∣∣∣ q;q]
+ (Aq,Aq/BC,D,E,F,A
2q2/BDEF,A2q2/CDEF ;q)∞
(Aq/B,Aq/C,Aq/D,Aq/E,Aq/F,A2q2/BCDEF,DEF/Aq;q)∞
× 4φ3
[
Aq/DE, Aq/DF, Aq/EF, A2q2/BCDEF
A2q2/BDEF, A2q2/CDEF, Aq2/DEF
∣∣∣ q;q] ,
which is exactly the transformation just mentioned in [6, Appendix III.36].
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